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k = βx k = αy

Relational logic for discreteprobability distributions
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Lifting operator
A recent mathematical theorem
3 formalized in Isabelle/HOL
3 found and fixed many mistakes and glitches
3 simpler variant with additional assumptions
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The Max-Flow-Min-Cut Theorem for Finite Networks
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Cut C ⊆ V
• s ∈ C, t /∈ C
• Value |C| = ∑

(x,y)∈E,x∈C,y /∈C
c(x,y)

|C| = 3 + 5 + 1

Flow f : E→ R≥0
• Capacity f (e) ≤ c(e)

• Preservation ∑
e∈in(x)

f (e) =
∑

e∈out(x)
f (e)

for x ∈ V − {s, t}

• Value |f | = ∑
e∈out(s)

f (e) =
∑

e∈in(t)
f (e)

|f | = 6 + 3 = 8 + 1

Network
• graph G = (V,E)

• capacity c : E→ R≥0
• source s, sink t

Max-Flow Min-Cut TheoremIn every finite network, there exista cut C and a flow f s.t. |C| = |f |.
Lammich and Sefidgar [ITP 2016]
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Challenges with Countable Networks
s
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· · ·

1

C = {s, x1, x2, . . .} |C| = ∞

f (e) = 1 |f | = ∞

g(e) = 1/2 |g| = ∞

Avoid infinite sums!

Max-Flow Min-Cut Theorem [Aharoni et al.]
There exist a cut C and a flow f s.t.
• f (x,y) = c(x,y) for (x,y) ∈ E, x ∈ C,y /∈ C
• f (x,y) = 0 for (x,y) ∈ E, x /∈ C,y ∈ C

4



Challenges with Countable Networks
s

tx1

x4
x2

x3

· · ·

x5
x62

1⁄2
2

1⁄2
2 1⁄2

2 1⁄22 1⁄22 1⁄2

1 1⁄2
1 1⁄2 1 1⁄2 1 1⁄2 1 1⁄2

1
1⁄2

· · · 1⁄2

· · ·
1⁄2

C = {s, x1, x2, . . .} |C| = ∞

f (e) = 1 |f | = ∞

g(e) = 1/2 |g| = ∞

Avoid infinite sums!

Max-Flow Min-Cut Theorem [Aharoni et al.]
There exist a cut C and a flow f s.t.
• f (x,y) = c(x,y) for (x,y) ∈ E, x ∈ C,y /∈ C
• f (x,y) = 0 for (x,y) ∈ E, x /∈ C,y ∈ C

4



Challenges with Countable Networks
s

tx1

x4
x2

x3

· · ·

x5
x62

1⁄2
2

1⁄2
2 1⁄2

2 1⁄22 1⁄22 1⁄2

1 1⁄2
1 1⁄2 1 1⁄2 1 1⁄2 1 1⁄2

1
1⁄2

· · · 1⁄2

· · ·
1⁄2

C = {s, x1, x2, . . .} |C| = ∞

f (e) = 1 |f | = ∞

g(e) = 1/2 |g| = ∞

Avoid infinite sums!

Max-Flow Min-Cut Theorem [Aharoni et al.]
There exist a cut C and a flow f s.t.
• f (x,y) = c(x,y) for (x,y) ∈ E, x ∈ C,y /∈ C
• f (x,y) = 0 for (x,y) ∈ E, x /∈ C,y ∈ C

4



Challenges with Countable Networks
s

tx1

x4
x2

x3

· · ·

x5
x62

1⁄2
2

1⁄2
2 1⁄2

2 1⁄22 1⁄22 1⁄2

1 1⁄2
1 1⁄2 1 1⁄2 1 1⁄2 1 1⁄2

1
1⁄2

· · · 1⁄2

· · ·
1⁄2

C = {s, x1, x2, . . .} |C| = ∞

f (e) = 1 |f | = ∞

g(e) = 1/2 |g| = ∞

Avoid infinite sums!

Max-Flow Min-Cut Theorem [Aharoni et al.]
There exist a cut C and a flow f s.t.
• f (x,y) = c(x,y) for (x,y) ∈ E, x ∈ C,y /∈ C
• f (x,y) = 0 for (x,y) ∈ E, x /∈ C,y ∈ C

4



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2
3 + 3 5 + 1 3 + 2

. . .

≤ 5

5



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation

Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2

3 + 3 5 + 1

3 + 2

. . .

≤ 5

5



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation

Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2

3 + 3 5 + 1

3 + 2

. . .

≤ 5

5



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2
3 + 3 5 + 1

3 + 2

. . .

≤ 5

5



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2
3 + 3 5 + 1 3 + 2

. . .

≤ 5

5



More Infinite Sums

4 3

7 3

55

11

30 2

1

Flow preservation Web: Bound vertex throughput

dualize

4 5

7 1

3
0

1

2
3 + 3 5 + 1 3 + 2

. . .

≤ 5

5



Transformations
a d t

s x y

b e

8 6

10 3

3 3
4 3

7 3
6

5 5

1 1

9 8
1

2 1

3 1

ad
3

dt
9

sa
8

ax
4

xd
5

dy
1

yt
3

sb
10

bx
7

xe
1

ey
2

eb
6

3
3

3

3
2 1

3 5

1
1

A

B

ad
3

dt
9

sa
8

ax
4

xd
5

dy
1

yt
3

sb
10

bx
7

xe
1

ey
2

eb
6

3
4

7

3
2 1

3 5

1
1

A

B

ad
3

dt
9

xd
5

dy
1

yt
3

xe
1

ey
2

3 5

1
1

A

B

ad
3

dt′
9

xd
5

dy′
1

dy
1

yt′
3

ey
2

ey′
2

xe
1

3
5

1

1
1
1

A

B

dualize

find max.wave focus

ma
ke

bip
arti

te

backpressure

looseness
not preserved

1. adapt proof to weakenedinduction invariant
2. new proof using finite MFMC theoremif total neighbour weight is finite
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Backpressure bpG : Flow⇒ Flow
Pick a leaking vertexand reduce incoming flow.if any
f = fix(bpG)

Flow = (E⇒ R≥0,≥) is a ccpo
Knaster-Tarski? bpG is not monotone
Bourbaki-Witt! bpG is decreasing!
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